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Subalgebras

Definition (Lie subalgebra)

(i) b vector subspace of g

(i) [b,b]Ch

h Lie subalgebra g <

Examples of gl(n, C) subalgebras
Diagonal matrices 0(n, C)= matrices with diagonal elements only

[0(n,C), 3(n,C)] =0, C do(n,C)

Upper triangular matrices t(n, C),
Strictly Upper triangular matrices n(n, C),

n(n,C) C t(n,C)
[t(n,C), t(n,C)] C n(n,C), [n(n,C), n(n,C)] Cn(n,C)
[n(n, C), t(n,C)] C u(n,C)
ex. 5[(2,C) Lie subalgebra of sl(3, C)



Algebra sl(3, C) = span (hi, hy, x1, y1, X2, ¥2, X3, ¥3)

[h1, ho] =0
:hla Xl: = 2X11
[h1, x2| = —xo,
-hla X3- = X3,
;h27 X2 = 2X21
hy, x1] = —xq,
:h27 X3: = X3,
;Xla X2- = X3,
V1, )/2 = Y3,
[x1, yo] =0,
X2, il = = (J,
X31 yl = —X2,

ex. 3 X 3 matrices with trace 0

o

o

X1

N

o

[

h1, y1] =

hy, y3] =
:h27 y2
ho, y1,
ho, y3]
X1, X3,
V1, y3]

X2) y3

X3, Y2

o
o

o
o

— _2y17

[h17 )/2] = )2,

= —V3,
= _2_)/2,

1 — 0,
[Xla y3] = =),

=N,
= X1,

Xy =

Y2 =

[Xla y].] = hla =D s?a“cﬁ_\\"lz"\l;&;g sc (Q‘G')

[x2, yz] = hy, .:D span S_\\ '\l\“ $E 9, 0‘.)
Ay \\3-\'-“}\ '
= span %-\\3. 2, Y, * s0(2.0)

[x2, x3] =0
[yZa y3] =0

[x3, y3] = i + hy
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0 0 0 | 0 0 1
0 0 1 x3=1| 0 0 0
0 0 0 0 0 0
0 0 O [0 0 O
0 0 0 3= 0 0 0
0 1 0 1 0 0




|deals

Definition (Ideal)
- . ngI. V\,e%e-a
Ideal | 7 is a Lie subalgebra such that |[Z, g]| C Z| <=> nle ]

Center | Z(g) 2 {z € g : [z, g] =0}
Prop: The center is an ideal.
Prop: The derived algebra = Dg = [g, g] is an ideal. [AtkHzH *©

Prop: If Z, J areideals = 7+ 7, [Z, J| and Z()J are ideals. [AtkuzH #

Theorem

T idealof g~ g/I={x=x+4+T1: x€g}isa Liealgebra

X7 EM =[xy +2

Aol To g [ civer gullowss sepes, B9, 2)])- [, (9] ) = GG ~
VY Al veyel = Txtyag] e = B =%




Simple Ideals

Def: g is|simple| < g has only trivial ideals and [g, g] # {0}
(trivial ideals of g are the ideals {0} and g)

Def: g is|abelian| < [g, g] = {0}

Prop: | g/[g, g] is abelian| [ATkHIH 12

Prop: | g is simple Lie algebra = Z(g) ={0jand g =[g, g]. | |Atkuzw 43

Prop: | The Classical Lie Algebras Ay, By, Cy, Dy are simple Lie Algebras

Oa anoSr.\a.@s'\ 6To Tehes Tov y\-t'o\;.yrros‘:
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Direct Sum of Lie Algebras

g1, g1 Lie algebras
direct sum g1 @ go= g1 X g with the following structure:

a(x1, %) + B(y1,y2) = (ax1 + By, axo + By»)

~+ g1 @ go vector space

commutator definition: [(x1,x2), (y1,2)] = ([x1, 1], [x2, y2])

Prop: | g1 ® g2 I1s a Lie algebra

0z | { (01,0)N(0.02) = {(0,0)} == g1(g2=0
(0392)182092 [(9170)7 (0:92) — {(0)0)} S [91: 92] =0

Prop: | g1 and gy are ideals of g1 & g

(

a, b ideals of g )

aNo={0} ¢~ {aobia+blw{aob=gf
| at+b=g |

Prop:

. .




Lie homomorphisms

homomorphism:

IR, (i) ¢ linear
: ! {(ii) o ([x, y]) = [o(x), &(y)]

monomorphism: Ker ¢ = {0}, epimorphism: Im ¢ = ¢/
isomorphism: mono+ epi, automorphism: iso+ {g = ¢’}

Prop: Ker¢ is an ideal of g A 30 ql). [6lab) ¢ ) < o o L\e-b.g)c Kany
Prop: Im¢ = ¢(g) is Lie subalgebra of g’ () bigy) = & (La\5) < b(a)

\

(7 ideal of g
{ canonical map g — g/J p ~ {

canonical map is a }
(X)) =Xx=x+7

Lie epimorphism




Linear homomorphism theorem

Theorem

V, U, W linear spaces
f . V—Uandg : V—W linear maps

v f U { f epi

/
e
w

l y Kerf C Kerg
/
g

-1

ZKMEISTH Y

1) }
g=vof

Ker = f (Kerg)

Corollary

V—f>U

/
/
P

W

f

V—— U

1

W

7
/

VA
A

{fePi, g epi, Kerf= Kerg }W{Ellw:so g=vof, U~W

iso

|
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Lie homomorphism theorem

Theorem

g, b, [ Lie spaces, 9 : g—>h and p : g— Lie homomorphisms
v ZWMLIZEY &
¢ ¢ Lie-epi, il : Lie-homo
g /h {KergbCKe'rp } { p=1vo@ }
-’
}
(
Corollary
o)
=1

{ (b Lie-epi, D Lie-epf, Ker¢ K@Tp } { Lie-iso P = w O qb) hlrSLJo[ }
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First isomorphism theorem

Theorem (First isomorphism theorem)

¢ : g— g Lie-homomorphism,

g%gﬂ{erqﬁ — 3¢ : g/Ker¢p — o(g) C g’ Lie-iso

qbl -
A

¢(g) ~ g/Ker ¢
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Noether Theorems

ﬁ, £ | f (’) E/ﬁ ideal of g/ﬁ sumeEn2zh 9§
ideals of g 3 ~~ ¢

RCKE \ (i) (g/8)/(L/8) ~(g/L) 2unE12ZR 4O

’ 1SO
y

Theorem ( Noether Theorem (2nd isomorphism theor.))

{ o }W {(ﬁJrﬁ)/ﬁ ~ R/ (ﬁm:)} ZumezTn 4

ideals of g iso
v
Parallelogram Low: R+ L
/N
, N
7 N
e N
% N\
R i
Q v
Q y
N /
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